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⋆ ⋆ ⋆ ⋆ ⋆

1. (a) Show that
1∫

−1

(1 + x)p−1(1 − x)q−1dx = 2p+q−1 Γ(p)Γ(q)
Γ(p+q)

.

(b) Show that
1∫

0

xm−1(1−x)n−1

(a+x)m+n
dx = β(m,n)

an(1+a)m
[8+8]

2. (a) Using Rodrigue’s formula prove that
1∫

−1

xmPn(x)dx = 0 if m < n

(b) Prove that J0(x) = 1
π

π∫

0

cos(x cos θ)dθ. [8+8]

3. (a) Prove that U =
−x
e [(x2 − y2) cos y + 2xy sin y] is harmonic and the analytic

function whose real pant is u.

(b) Separate the real and imaginary parts of Sin h z. [8+8]

4. (a) Evaluate
∫

c

Cos z−sin z dz
(z+i)3

with c: | z | = 2 using Cauchy’s integral formula

(b) Evaluate
2+i∫

1−i

2x + 1 + iy)dz along (1-i) to (2+i) using Cauchy’s integral for-

mula [8+8]

5. (a) Find the Laurent series expansion of the function. z2
−6z−1

(z−1)(z−3)(z+2)

in the region 3 < | z + 2 | < 5.

(b) Obtain the Taylor series expansion of f(z) = ez

z(z+1)
about z = 2. [8+8]

6. (a) State and prove Cauchy’s Residue Theorem.

(b) Find the residue of Z2

Z4
−1

at these Singular points which lie inside the circle | z
| = 2. [8+8]

7. (a) Evaluate
2π∫

0

dθ
(5−3 sin θ)2

using residue theorem.

(b) Evaluate
∞∫

0

x sin mx dx
x4+16

using residue theorem. [8+8]
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8. (a) Define conformal mapping? Let f(z) be analytic function of z in a domain D
of the z-plane and let f’(z)6=0 in D. Then show that w=f(z) is a conformal
mapping at all points of D.

(b) Find the bilinear transformation which maps the points (–i, o, i) into the point
(–l, i, l) respectively. [8+8]

⋆ ⋆ ⋆ ⋆ ⋆
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1. (a) Show that β(m,n)=2
π/2
∫

o

sin2m−1θ cos2n−1 θdθ and deduce that

π/2
∫

o

sinnθdθ =
π/2
∫

o

cosnθdθ =
Γ(n+1)/2)Γ( 1

2)
2Γ( 1

2
(n+2))

(b) Prove that Γ(n)Γ(1-n)=
Q

sin n
Q

(c) Show that
∞
∫

0

xme−a2x2

dx = 1
2an+1 Γ(n + 1)/2 and hence deduce that

∞
∫

o

cos(x2)dx =
∞
∫

o

sin(x2)dx = 1/2
√

π/2 [5+5+6]

2. (a) Prove that 1√
1−2tx+t2

= P0(x) + P1(x) t + P2(x) t2+ ....

(b) Write J5/2(x) in finite form. [8+8]

3. (a) Find the analytic function f(z) = u + iv if u-v= ex(cos y-sin y)

(b) Find all principal values of (1 + i
√

3)1+i
√

3 [8+8]

4. (a) Evaluate
∫

c

z3−sin 3z dz
(z−π

2
)3

with c: | z | = 2 using Cauchy’s integral formula

(b) Evaluate
∫

C

(z2 + 3z + 2)where C is the arc of the cycloid x = a(θ + sin θ),

y = a (1 − cos θ) between the points (0,0) to (
∏

a, 2a) [8+8]

5. (a) Find the Laurent series expansion of the function. z2−6z−1
(z−1)(z−3)(z+2)

in the region 3 < | z + 2 | < 5.

(b) Obtain the Taylor series expansion of f(z) = ez

z(z+1)
about z = 2. [8+8]

6. (a) Find the poles and residues at each pole zez

(z−1)3

(b) Evaluate
∫

C

2ezdz
z(z−3)

where C is |z| = 2 by residue theorem. [8+8]

7. (a) Show that
2π
∫

0

dθ
a+bSinθ

=
2π
∫

0

dθ
a+bSinθ

= 2π√
a2−b2

, a > b> 0 using residue theorem.
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(b) Evaluate by contour integration
∞
∫

0

dx
1+x2 [8+8]

8. (a) Show that the transformation w=z2 maps the circle |z-1|=1 into the cardioid
r=2(1+cosθ) where w=reiθ in the w-plane.

(b) Find the bilinear transformation which maps the vertices (1+i, -i, 2-i) of the
triangle T of the z-plane into the points (0, 1, i ) of the w-plane. [8+8]

⋆ ⋆ ⋆ ⋆ ⋆
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1. (a) Evaluate 4
∞
∫

0

x2dx
1+x4 using β − Γ functions

(b) Prove that β
(

m + 1
2
, m + 1

2

)

=
Q

m,24m−1

(c) Evaluate
2
∫

0

(8 − x3)1/3dx using β − Γfunctions [5+5+6]

2. Prove that
1
∫

−1

Pm(x)Pn(x)dx =

{

0 if m 6= n
2

2n+1
if m = n

[16]

3. (a) Show that the real and imaginary parts of an analytic function
f(z) = u(r,θ) + i v(r,θ) satisfy the Laplace equation in polar form
∂2u
∂r2 + 1

r
∂u
∂r

+ 1
r2

∂2u
∂θ2 = 0 and ∂2v

∂r2 + 1
r

∂v
∂r

+ 1
r2

∂2v
∂θ2 = 0 respectively

(b) If u is a harmonic function, show that w = u2 is not a harmonic function
unless u is a constant. [8+8]

4. (a) Evaluate
∫

c

z2
−2z−2 dz
(z2+1)2z

where c is | z − i | = 1/2 using Cauchy’s integral formula

(b) Evaluate
(1,1)
∫

(0,0)

(3x2 + 4xy + ix2)dz along y=x2

(c) Evaluate
∫

c

e2z dz
(z2+

Q
2)3

where c is | z | = 4 using Cauchy’s integral formula [5+5+6]

5. (a) Find the Laurent series of the functions f(z) = z
(z+1)(z+2),

about z = - 2

(b) Expand f(z) = sinz in Taylor’s Series about z = Π/4. . [8+8]

6. (a) Find the poles and the residues at each pole of f(z) = 1
(z2+4)2

.

(b) Evaluate
∫

C

(3z−4)
z(z−1)

dz where C is the circle |z| =2 using residue theorem [8+8]

7. (a) Evaluate State and prove Rouche’s theorem

(b) Evaluate
2π
∫

0

sin 3θ dθ
5−3 cos θ

using residue theorem [8+8]
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8. (a) Discuss the transformation w=cos z.

(b) Find the bilinear transformation which maps the points (l, i, -l) into the points
(o,1,∞). [8+8]

⋆ ⋆ ⋆ ⋆ ⋆
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1. (a) Show that
1
∫

0

xm (log x)n
dx = (−1)nn!

(m+1)n+1 where n is a positive interger and m>-1

(b) Show that β(m,n)=
∞
∫

0

yn−1

(1+y)m+n
dy

(c) Show that
∞
∫

0

x4e−x2

dx = 3
√

π

8
[6+5+5]

2. (a) Prove that 1+z
z
√

1−2xz +z2
− 1

z
=

∞
∑

n=0

(Pn(x) + Pn+1(x)) zn

(b) Prove that d
dx

(xJn Jn+1) = x(J2
n − J2

n+1)

(c) Prove that cos x=J0-2J2+ 2J4......... [6+5+5]

3. (a) State sufficient condition for f( z) to be analytic and prove it.

(b) Find all principal values of
(√

3
2

+ i√
2

)(1+i
√

3

[8+8]

4. (a) Evaluate
∫

c

ez sin 2z−1 dz
z2(z+2)2

where c is | z | = 1/2 using Cauchy’s integral formula

(b) Evaluate
1+i
∫

0

(x − y2 +ix3)dz Along the real axis from z=0 to z=1 using Cauchy’s

integral formula

(c) Evaluate
∫

c

e−2zz2 dz
(z−1)3(z+2)

where c is | z + 2 | = 1 using Cauchy’s integral formula

[5+5+6]

5. (a) State and prove Taylor’s theorem.

(b) Obtain Taylor series to represent the function z2 −1
(z+2) (z+3)

in the region |z| < 2

[8+8]

6. (a) Find the poles and the residues at each pole of f(z) = 1
(z2+4)2

.

(b) Evaluate
∫

C

(3z−4)
z(z−1)

dz where C is the circle |z| =2 using residue theorem [8+8]
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7. (a) Show that
π
∫

0

Cos2θ
1−2aCosθ+a2 = πa2

√
1−a2

, (a2 < 1) using residue theorem.

(b) Show by the method of contour integration that
∞
∫

0

Cosmx
(a2+x2)2

dx = π
4a3 (1 + ma)e−ma,

( a > 0 , b > 0 ). [8+8]

8. (a) Prove that every bilinear transformation maps the totality of the circles and
straight lines in z-plane on to the totality of circles and straight lines in the
w-plane.

(b) Find the bilinear transformation that maps the points 0,i,1 into the points.
[8+8]

⋆ ⋆ ⋆ ⋆ ⋆
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